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BOUNDARY CORRESPONDENCE
OF NEVANLINNA COUNTING FUNCTIONS
FOR SELF-MAPS OF THE UNIT DISC

PEKKA J. NIEMINEN AND EERO SAKSMAN

ABSTRACT. Let ¢ be a holomorphic self-map of the unit disc D. For every @ €
OD, there is a measure 7o on JD (sometimes called Aleksandrov measure) de-
fined by the Poisson representation Re(a+¢(z))/(a—¢(z)) = [ P(z,¢) dra(C).
Its singular part o, measures in a natural way the “affinity” of ¢ for the bound-
ary value . The affinity for values w inside D is provided by the Nevanlinna
counting function N(w) of ¢. We introduce a natural measure-valued refine-
ment M, of N(w) and establish that the measures {oq }ocop are obtained as
boundary values of the refined Nevanlinna counting function M. More pre-
cisely, we prove that o is the weak™ limit of M,, whenever w converges to a
non-tangentially outside a small exceptional set EF2. We obtain a sharp estimate
for the size of E in the sense of capacity.

1. INTRODUCTION

Let ¢ be a non-constant holomorphic self-map of the unit disc D. Its Nevanlinna
counting function is defined for all w € D\ {¢(0)} by

Nw)= Y —logl,
z€¢p~H{w}

where each pre-image is counted according to its multiplicity and an empty sum is
regarded as zero. The function N provides a measure of how often and how strongly
¢ assumes each of the values in . The concept is due to R. Nevanlinna, who
introduced the “Anzahlfunktion” as a central tool for the value distribution theory
of entire and meromorphic functions (see [N]). Of other classical contributions,
specialized to the case of bounded functions, we mention the majorant inequalities
due to Littlewood [Lill], [Li2] and Lehto [L]. More recently, starting with the work
of J. H. Shapiro [S1], counting function methods have also played an important role
in the study of composition operators on various function spaces.

The function ¢ also determines a family of positive measures {7, }acon, defined
on the unit circle 9D by means of the Poisson representation formula

0 0C) [ p
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These measures have proven useful in several branches of modern function theory.
Let us only refer to their role in the theory of so-called de Branges—Rovnyak spaces
(see e.g. [Sa2]) and in the investigation of compactness properties of composition
operators ([Sall], [CM], [Sh]). Heuristically speaking, 7, can be seen as measuring
how strong an “affinity” (and at which points) the function ¢ has for the boundary
value «, and of particular interest is its singular part, which we will denote by
0o- For the sake of illustration, one may consider the special case when ¢ extends
holomorphically across the unit circle 9D it is then not difficult to see that 7, has an
atom at a point ¢ € dD if and only if ¢(¢) = «, and in this case 7o, ({¢}) = 1/|¢'(¢)]-
In [A] A. B. Aleksandrov made explicit use of the measures 7, as he studied the
multiplicity and other properties of boundary values of inner functions. For this
reason 7, is sometimes called the Aleksandrov measure of ¢ at the point a, and we
will follow that practice here.

Since N measures the affinity of ¢ for values in the unit disc and 7,’s do the
same for values on its boundary, it seems natural to ask if there is any relation
between 7, and the boundary behaviour of N(w) as w — «. A clear hint in this
direction comes from the papers by Shapiro [ST] and Cima and Matheson [CM],
which provide two different expressions for the essential norm of the composition
operator f — fo¢ on the Hardy space H2. Combining these expressions yields the
identity

N(w)

(1.1) limsup ———— =
lw|—1— —loglw|  aeop
indicating that the maximal size of the singular parts of the Aleksandrov measures
is related to the decay rate of the Nevanlinna counting function at the boundary.
The present paper provides a far-reaching extension of ([LI). In fact, we will
establish a definite local boundary correspondence between the two measures of
affinity involved. To this end we introduce a natural measure-valued (and normal-
ized) refinement of the Nevanlinna counting function of ¢ by defining, for every
w e D\ {0},

where each pre-image z is counted according to its multiplicity and J, is the unit
mass (i.e. Dirac measure) at z. It seems appropriate to call these measures the
Nevanlinna counting measures of ¢. Note that || M| = N(w)/(— log|w]).

The following theorem is our main result. Here we let I'(a, p) denote the non-
tangential approach region obtained by taking the interior of the convex hull of a
point @ € 9D and a disc B(0, p) with 0 < p < 1.

Theorem 1.1. Let ' =T'(a, p) be an arbitrary non-tangential approach region at
a point a € OD. Then there exists a set E C I' of finite Green capacity such that

M, — 0, weak* asw—«ainl\E,

where My, and o, are regarded as measures on D. In other words, for every con-
tinuous function f on D, we have

/fde—> fdog asw—ainl\E.
D oD
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The concept of Green capacity will be discussed later; at this point we only
remark that the capacity of a set E C I'(«, p) is finite if and only if the capacity
of E N B(a,r) decreases to zero as r — 0+4. This also implies that the ordinary
logarithmic capacity of the scaled set +(E N B(a,r)) tends to zero as r — 0+. As
a consequence, it is always possible to find sequences (w,) tending to « radially
such that M,,, — o, weak*. Observe also that because the measures involved are
positive, the weak™ convergence implies the convergence of total masses.

In Section [8 we will construct examples showing that the capacity estimate in
Theorem [[1] is the best possible. In particular, it is not always true that M,, —
o, weak™ as r — 1—. However, we have the following theorem, where m is the
normalized Lebesgue measure on the unit circle:

Theorem 1.2. For every continuous function g on 0D x D,

Jim [ [ /D g(a,z)de(z)] dm(a) = /d ) { /8 gla2) daa(z)} dm(a).

Let us emphasize here that the preceding two theorems can be regarded as purely
function-theoretic statements providing a link between the value distribution theory
inside the disc and on its boundary. However, Theorem [Tl is also of operator-
theoretic significance as it explains the rather mysterious identity (II) resulting
from the two norm expressions for the induced composition operator. A substantial
part of our proof actually employs techniques coming from the theory of composition
operators.

This paper is organized as follows. Sections [2]to Bl contain some preliminary ma-
terial on Aleksandrov measures, Nevanlinna counting function and Green capacity.
The proof of Theorem [[1]is carried out in Sections [l to [ The outline of the
argument is as follows: We first observe (Lemma [B.1) that the limiting mass of M,
never exceeds the mass of o, that is,

lim sup Nw) < |loall-
w—a  — loglw]
The essence of our argument then consists of determining under what kind of re-
strictions on w the desired limit ||o,|| is attained. We show (Proposition [6.1)) that
this occurs as w — « in T' \ E, where I' and E are as in the statement of the
theorem. Finally we complete the proof by showing (Proposition [7.1]) that, surpris-
ingly enough, the convergence of total masses automatically guarantees the weak*
convergence of measures.

In Section [l we proceed to discussing the optimality of Theorem[T.1l The proof
of Theorem [[.2 occupies Section [J] and finally some remarks on the relation of our
work to angular derivatives are recorded in Section [T0.

PRELIMINARIES
2. ALEKSANDROV MEASURES

We assume throughout this paper that ¢ is a non-constant holomorphic self-map
of the unit disc D. We also denote by m the Lebesgue measure on the unit circle
0D, normalized to have unit total mass.
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Let us recall for convenience that the Aleksandrov measures of ¢ are defined for
every a € JD by the Poisson representation formula

atoz) _ 1- o) _
a—¢(z) la=9(x)]*  Jap
where P(z,¢) = % is the Poisson kernel. We also let dr, = hodm + do, be
the Lebesgue decomposition of 7, so that h, € L'(m) and o, is singular. The
following are some of the basic properties of Aleksandrov measures (cf. [Sh]):

Re

P(z,¢) dra(Q),

(a) The absolutely continuous part of 7, is given by

15 QP
a =6 (P

where ¢*({) are the non-tangential boundary limits of ¢ (defined and differ-
ent from « for a.e. ( € D).

(b) The measure 7, is singular if and only if ¢ is an inner function, i.e. |¢*({)| = 1
for almost every ¢ € OD.

(c) The total mass of the singular part of 7, is

L BOF [ 1@ QF
e T e S0}

(d) For o4-a.e. ¢ € 9D, we have ¢*({) = .
(e) The measures 7, and o, have an atom at a point ¢ € 9D if and only if ¢* () =
« and ¢ has a finite angular derivative at ¢ in the sense of Carathéodory. In

this case 7,,({C}) = 1/]|¢'(Q)|.

Facts (a)—(d) are consequences of the basic properties of Poisson integral represen-
tations (see e.g. [R2, Chapter 11]). We will say more about angular derivatives and
fact (e) in Section [I0.

Finally, we should remark that all finite positive measures occur as Aleksandrov
measures of some ¢. Indeed, if p is a given measure of this type, one may use the
Herglotz integral formula

ha(C)

loall =

1+ ¢(2) (+z

1=¢(z)  JapC—2

to obtain ¢ whose Aleksandrov measure at the point 1 is p.

du(¢)

3. NEVANLINNA COUNTING FUNCTION

This section collects some well-known properties of the Nevanlinna counting
function that will be needed in the sequel. For more detailed expositions we refer
to [S1] and [S2]. Let us recall here that the Nevanlinna counting function of ¢ is
defined on the set D\ {¢(0)} by the formula

N(w) = Z —log|z].

z€¢p~Hw}

To indicate its dependence on ¢ we may sometimes write Ny instead of V.
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3.1. Integral representation and subharmonicity. In order to examine the
functional properties of N, it is useful to rewrite it in terms of an integral repre-
sentation. Define, for each w € D, the Frostman transform of ¢ by
w—g(2)

Ple) = Ty
Note that ¢, = 10y, 0 ¢, where 1, (2) = (w — z)/(1 —Wz) is a self-inverse conformal
automorphism of . On applying Jensen’s formula [R2| 15.18] to ¢,, one can now
easily show that

N(w) = lim [ log|¢y(r¢)| dm(¢) — log|¢w(0)].
D

r—1—

Suggested by the above expression we also consider the function
(31) Nw) = | 108}63, (Ol dm(Q) ~ oz (0).
D

By Fatou’s lemma, N < N at every point of D. Furthermore, a result of Rudin [RT]
implies that N(w) and N(w) are equal for quasi-every (¢q.e.) w € D, i.e. outside an
exceptional set of capacity zero. In fact, it is easy to see that equality occurs if and
only if there is no singular inner factor in the canonical factorization of ¢,,, that is,
if ¢, factorizes to a Blaschke product and an outer function.

It is important to note that the function N is subharmonic in the unit disc,
except for a logarithmic pole at ¢(0). To see this, let u be the distribution of the
boundary values of ¢, i.e. u(A) = m({¢ € 9D : ¢*(¢) € A}) for every Borel set
A C D. Then the definition of N can be rewritten as

— 1—¢(0)w

N(w) = —Gy(w) + 1og‘ i
where G, is the Green potential associated to p (see Section [ below) and the last
term is harmonic in D\ {¢(0)}.

)

3.2. Littlewood’s inequality. Since the integrand on the right-hand side of (B.1])
is negative, one obtains the well-known Inequality of Littlewood [Lil] (see also [L]):

1 —wep(0)

w — $(0)
This clearly yields the general estimate O(— log|w|) for the rate of decay of N(w)
and N(w) as |w| — 1—. Obviously, equality occurs in for any (and hence
all) w € D if and only if ¢ is an inner function. In that case the result of Rudin
cited above reduces to a celebrated theorem of Frostman [Fr] asserting that the
transforms ¢,, are Blaschke products for q.e. w € D.

(3.2) N(w) < —1log|¢y,(0)] = log

4. GREEN CAPACITY

4.1. Definition. The concept of Green capacity is similar to that of logarithmic

capacity, which is discussed in many textbooks (e.g. [E], [Ra]). The only real dif-

ference is that the logarithmic kernel — log|z — w| is replaced by the Green function
1_

w
=-1 .
20— logp(z,w)

g(z,w) = log

Here p(z,w) = |z — w|/|1 — zw]| is the pseudo-hyperbolic metric for D.
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One of the commonest ways to define the Green capacity as well as the logarith-
mic capacity relies on least-energy considerations. If y is a positive Borel measure
on D, define the energy integral

100 = [ Gu(yduz) = [ [ gt w) dutw) duce),

where the function G, (z) = [ g(z,w) du(w) is the Green potential associated to p.
Now let E be an arbitrary subset of D and put

V(E) =inf I(v),

where the infimum is taken over all Borel probability measures v that are supported
on compact subsets of E. Then the Green capacity of E is defined to be the non-
negative (possibly infinite) number

C(E)=1/V(E).

Since the pseudo-hyperbolic metric is invariant under conformal automorphisms
of the disc, the same is true of the Green capacity. One should also note that
the Green capacity and logarithmic capacity determine the same polar sets (i.e.
sets of capacity zero) in D because the associated kernel functions are comparable
on compact subsets of the unit disc. Moreover, it is well known that Borel polar
sets have Lebesgue measure zero, and this is actually true of their s-dimensional
Hausdorff measure for every s > 0.

4.2. Equilibrium measures. If K is a compact subset of DD, it can be shown
(cf. [Ral Sec. 3.3]) that there exists a Borel probability measure vy supported on
the boundary of K such that I(vy) = V(K). In addition, the associated Green
potential G, is bounded above by V(K) everywhere on D and it is equal to V(K)
on K except for a polar set contained in the boundary of K. Such a measure v is
called an equilibrium measure of K, and it is unique if C'(K) > 0. Often we will
find it more convenient to work with the measure po = C'(K)vp, which is uniquely
determined by K and called the capacitary distribution of K.

The existence of equilibrium measures entails alternative expressions for the
Green capacity. The proof of the next lemma is standard but included here for the
convenience of the reader.

Lemma 4.1. If K is a compact subset of D, then
C(K) =sup{||p|| : p € M(K), G, <1 on D}
=inf{|jp|: p € M(D), G, >1 ge. on K},

where M(K) and M (D) are the sets of all positive Borel measures supported on K
and D, respectively.

Proof. Let us denote the supremum by S and the infimum by s. Note, first of all,
that if pg is the capacitary distribution of K, then |y = C(K) and G, <1 on
D with equality quasi-everywhere on K. Hence clearly s < C(K) < S.

Now let 4 € M(K) be an arbitrary non-zero measure such that G, < 1 on D.
Then the probability measure v = ||u|| "1y satisfies G, < ||u||~! on D and hence
V(K) < I(v) <||pl|7t Thus ||| < C(K), and we conclude that S < C(K).

Finally let i € M (D) be an arbitary measure such that G, > 1 quasi-everywhere
on K. It is not difficult to see that the capacitary distribution py gives measure



NEVANLINNA COUNTING FUNCTIONS 3173

zero to Borel sets of capacity zero. Thus, by Fubini’s theorem,

lull / G dp = / G dpio > |l = C(K).
Hence s > C(K). O

4.3. Capacity of pseudo-hyperbolic discs. The Green capacities of closed discs
in D can be computed explicitly in terms of their pseudo-hyperbolic radii. First
consider the closed Euclidean disc B(0, ) centred at the origin with radius r € ]0, 1[.
The corresponding equilibrium measure v is the uniform probability measure on
the circle |z| = r. Thus,

Guo(2) = /d o(zrQ)dm() = - /8 toglz = r¢]dm(() = ~log(r V 2]

In particular, the Green capacity of B(0,7) is (—log7)~!. By applying the confor-
mal invariance of the Green capacity we now see that the capacity of any closed
pseudo-hyperbolic disc

D(a,r) ={z€D:p(z,a) <7}
(where @ € D and 0 < r < 1) is equal to (—logr)~!. Furthermore, the associated
equilibrium measure v satisfies

- 1Og T, S E(a/; T),
(41) Gnle) = {—bgp(z,a), 2 ¢ Dla.r).

4.4. Asymptotic additivity. Taking advantage of Lemma [£1] and the existence
of capacitary distributions, one can show that the Green capacity is an outer mea-
sure (i.e. countably subadditive set function) on the Borel subsets of the unit disc.
Although it is, in general, highly non-additive, the following “asymptotic” additiv-
ity property holds true: whenever K; (j = 1,2, ...) are compact sets in D with fized
capacities ¢;, respectively, and d = inf{p(K, Kj) : j # k}, then

o0 o0
C(U Kj> —>ch asd — 1—.
j=1 j=1

To sketch a proof, we fix any n > 1 and let p be the sum of the capacitary distri-
butions of the sets K1,...,K,. Then G, <1 — (logd) Z?:l ¢j, so an application

of Lemma F.Tl yields
o D1 €
C< K > > I .
L:J i) E T loed 51 o

Notice that the right-hand side here tends to E;LZI c; as d — 1—. Since n was
arbitary, the desired conclusion follows from this and the subadditivity of C.

PROOF OF THEOREM 1.1
5. PRESERVATION OF MASS ALONG A SEQUENCE

We now turn our attention to the proof of Theorem [l by investigating the
convergence of the total mass of the Nevanlinna counting measures to that of the
singular parts of Aleksandrov measures. The present section contains some prelim-
inary observations, and the main argument will be carried out in the next section.
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Our first lemma observes that the limiting mass of M, never exceeds the mass
of o, as w tends to a boundary point «. This fact could also be deduced from the
works of Shapiro [S1] and Cima and Matheson [CM]. Our proof is based on the
well-known identity

(1= [l —|2*)

5.1 1— [ (2)]* =
(1) e S
N
Lemma 5.1. For every a € 0D, limsup Nw) < |loall-
woa — loglw]|

Proof. Recall from Section [3 that
Nw) = | 108}63, (0l dm(Q) ~ oz (0).
D

where ¢, = 1., 0 ¢. Since for all z € D,
_ 2 _ 2 _ 2
I R S (7G0T IS e 1 W B

w=a  loglw| woa 1 — w2 woa|l —wW2|2 o — z[?

we have by Fatou’s lemma that

, N(w) / 1—|¢*(Q)1? 1—1¢(0)?
limsup ——— < — ——=dm(() + ————.
W2 Tloglul = Jop To— o (OF M e o)
The right-hand side here is equal to ||o,|| by fact (¢) of Section 2 O

The essential part of our work concentrates on determining restrictions on w
under which the desired limit ||o, || is attained, that is, under which we have

(5.2) lim ——) —

It should be stressed that without any such restrictions (52) may fail even in the
simplest cases: for instance, if ¢(z) = (1—c)+cz for some 0 < ¢ < 1, then N(w) =0
for all w € D\ B(1 — ¢,c) but ||jo1]] = 1/¢ > 0. In Section [§ more sophisticated
examples are used to show that the non-tangential version of this does not hold
either.

Before examining the general problem in detail, let us however note that in some
special cases it is relatively easy to obtain results of the desired type. One such
situation arises when o, is a discrete measure (i.e. consists of point masses only);
see Section[I0l Another case of special interest is that of inner functions as observed
in the corollary below.

N(w)

Corollary 5.2. If ¢ is inner, then ﬁ — |loall as w — o in D\ E, where E

log|w o
is the polar set of all points w with N(w) < N(w).

Proof. Note that N(w) = —log|¢.(0)| and apply the idea of the preceding proof.
]

Returning to the general case, we will next show that (22)) always holds as w
tends to a along some non-tangential sequence. The density condition placed on
the sequence will be crucial to our main argument in the next section.
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Proposition 5.3. Let T' = I'(«v, p) be an arbitrary non-tangential approach region
at a point o € OD. Then there exists a sequence (ay) in T' converging to o such
that

(5.3) lim Y (9n)

2 Tlogla,] — 170l

Moreover, the points a, can be chosen to satisfy the density condition
27" <1 —la,| < 27"

The proof of this proposition will depend on a couple of facts from the theory of
composition operators. Firstly we record the change of variables formula

(5.4) 1 0 613 = [F(SO)? +2 / FPN dA,
D

which is valid for any f in the Hardy space H? and where A denotes Lebesgue
area measure on D, normalized to have unit total mass. This result can be derived
from a general formula for integral means due to C. S. Stanton [Sf], and it played
a fundamental role in Shapiro’s [S1] solution to the compactness problem for com-
position operators on H2. Two special cases of (5.4]) are worth noting. Taking
f(2) = z shows that the Nevanlinna counting function is integrable with respect
to the area measure: fDNdA < %, and taking ¢(z) = z produces the classical
Littlewood—Paley identity

(5.5) 1712 = 1F(O) +2 / 2 A,
D

where dA(z) = —log|z| dA(z).

Secondly we refer to the paper by Cima and Matheson [CM], which presents
an alternative solution to the compactness problem in terms of the Aleksandrov
measures. The main ingredient of the paper is the identity

(5.6) loall = lm [|fra 0 ¢7

involving the normalized reproducing kernel functions f,(z) = (1—|a|?)'/?/(1—az).
A simple computation with power series shows that || fo|| gz = 1.

The roots of Proposition lie in combining formula (B4]) and equation (B0,
which provide us with the first explicit connection between the Nevanlinna counting
function N and measures o,. A very implicit form of this connection is already
present in Sarason’s work [Sal], especially in conjunction with the paper by Shapiro
and Sundberg [SS]. We proceed to the proof of the proposition via a lemma.

Lemma 5.4. There exists a constant ¢ € 0, %[, depending on p only, such that

/ Ifrol?dA > ¢ for%<r<1,
I'(a,p,r)

where T'(a, p,r) is the set of all z € T'(a, p) with 1 —r <1 —|2z| <2(1—7).
Proof. Take aw =1 for simplicity and write I',, = I'(1, p, ). We need to estimate

po V1 =12
fr(2) = (1 —rz)?
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It is geometrically obvious that if z € T'(1, p), then |1 — z| < ¢1(1 — |z|) for some
constant ¢; > 0 depending on p only. Thus, for all z € T',.,

N—rz|<|1—=r|+]r—rz|<(1—=r)+|1—2|
<A=-r+al—lz) < (T +2c)(1—r).
Since —log|z| > 1 — r for all z € T',., it follows that
r2(1—r(1 -7 r2(1+r A(L,
[gpars D00 e, - OED AL
r, (1+2c1)4(1—1) (1+2¢1)* (1—1)

The lemma follows because the quotient A(T,.)/(1 — r)? is bounded below by a
positive constant depending on p only. (I

Proof of Proposition[5.3. We again take o = 1. It is easy to see that, as r — 1—,
the derivatives f] tend to zero uniformly outside any neighbourhood of the point
1. Thus we may conclude from (E4) and (56) that

(5.7) Joall =t 2 [ |fiPNdA,
r—l1— Br

where B = DN B(1, R) for any prescribed R € |0,1[. Let I',, be the set of all
points z € T for which 27" < 1 — |z| < 27"1; in the notation of the above lemma
this is the set I'(1, p, r,,) with r,, = 1 — 27", We have to find points a,, € T',, such
that (53) holds.

Assume, to reach a contradiction, that no such sequence exists. In view of
Lemma BT this implies that there are a number € > 0 and positive integers n; <
no < --- such that

NG oyl =€ forz €T,
—log|z|
Choose a constant ¢ as in LemmaEdland § > 0 so small that (1 —2¢)d < ce. Next
use Lemma [0l to find a radius R € ]0, 1] such that

N(z)
— log|2|

<|lo1]| +6 for z € Bg.

For large k we have I';,, C Br and then the above inequalities combine to yield

[ s pNaa<dod+a [ in P ol -o [ 17, P
Br R\ Th,

But by the Littlewood-Paley identity (5H) we always have 2 [|f/|[2d\ < | f,]|%2 =
1, so, by the choices of ¢ and §, we arrive at the inequality

2 [ 17}, PNAA< o] - ce
Br k

As k — oo, this leads to a contradiction with (5.71), and the proposition is proved.
O

6. CAPACITY ESTIMATES

The purpose of this section is to prove the following proposition, which is a
specialized version of Theorem [[LT] and contains the essence of our work.
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Proposition 6.1. Let T' = I'(«v, p) be an arbitrary non-tangential approach region
at a point o € OD. Then there exists a set E C T of finite Green capacity such that

N(w)

Tg|w|_)HUaH asw—a inT\ E.

The intuitive idea behind this proposition can be sketched as follows: Note that
the function u(z) = —||ow|| log|z| — N(2) is roughly superharmonic and positive near
«. In addition, thanks to Proposition 5.3l it assumes small values at the points of
a sequence that is not too sparse. Therefore u must remain small in a large set.
Although this reasoning is not quite precise, a suitable modification of it will work.

We begin with some preliminary observations on Green potentials and capacity.
First of all, we recall that if u is a positive superharmonic function on a plane
region €2, then u admits the Riesz decomposition u = h+ v, where h is the greatest
harmonic minorant of © and v is a Green potential, i.e.

o) = [ galzw) du(w)

Here gq is the Green function for €2 and p is a positive Borel measure on €2, obtained
from u by the formula Au = —27 (in the sense of distributions).

By the aid of Riesz decompositions we can use any superharmonic function to
estimate the Green capacity as in the next lemma. As before, D(a,r) denotes the
pseudo-hyperbolic disc in D with centre a and radius 7.

Lemma 6.2. Leta €D, 0 <r < R <1, and assume that u is a positive superhar-
monic function on D(a, R) with Au = —27u. Then there exists a positive constant
¢, depending only on r and R, such that

C({z € D(a,r):u(z) > 6}) <

whenever 6 > cu(a).

Proof. As explained above, we have u = h + v, where h is the greatest harmonic
minorant of u and

o(z) = / 9p(a.r) (2 w) dpt(aw).
D(a,R)

Since h is positive, Harnack’s inequality implies that there is a constant ¢, depending
only on r and R, such that h(z) < ch(a) for all z € D(a,r). (By considering u o1,
instead of u we see that ¢ does not depend on a.) Thus v(z) > u(z) — cu(a) for
z € D(a,r). Now note that if g is the Green function for D, then 9p(a,r) < g and
consequently v < G,. Hence it follows that whenever z € D(a,r) with u(z) >
d, one has G, (z) > 6 — cu(a). The proof is now finished by an application of
Lemma [4.11 O

The next lemma contains a lower bound for the rate of decay of Green potentials
at the boundary of the unit disc.

Lemma 6.3. Let u be a positive Borel measure on D, a € D and 0 <r < 1. Then

G 1—|a*> 1-—
lim inf u(2) > lal . "
z—a —loglz| T la—al? 147

p(D(a,r))

for all o € OD.
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Proof. If w € D(a,r), standard inequalities for the pseudo-hyperbolic metric (see
e.g. |Gl Lemma I.1.4]) yield

p(z.0) + pla,w) _ 4 plza)
PE) S T aplaw) = 14 rp(za)

Assume for simplicity that p(D(a,r)) = 1. By the above inequality and the fact
that —logz > (1 — 2?) we get

1 r+p(za) )
Gu(z) = —/Dlogp(Z,w) dp(w) = B} [1 - (m) ]7
and after two applications of (&),
(1 —r*)(1 —la*)(1 - |2%)
T+ rp(, )21 — aaf?

The lemma follows because (1 — |z]?)/(—log|z|) — 2 and p(z,a) — 1as z —» a. O

Gu(z) > % :

We are now ready to carry out the proof of Proposition [6.11.

Proof of Proposition[61. Let (ay) be a sequence in I as given by Proposition[E3l It
is not difficult to see that whenever r € ]0, 1] is large enough, the pseudo-hyperbolic
discs D(ay,7) (n =1,2,...) cover all points of I whose modulus is close to 1. (To be
specific, one may show that the pseudo-hyperbolic diameters of the sets I'), used in
the proof of Proposition 5.3 are bounded by a constant less than 1, so it is possible
to arrange the n:th disc to cover all of T',,.) We first choose such an r, then fix some
R € |r, 1], and put D,, = D(ay,,r), D!, = D(a,, R) and

N
a5, ={s e Dys Tk < foull -

where € > 0 is fixed but arbitrary. In view of Lemma B, the fact that N = N
q.e. and the countable subadditivity of the Green capacity, it is now sufficient to
prove that > 2 | C(AS) < oo. In fact, we can then choose integers ny such that

> o C(AY*) < 1/k? for each k and put E =T N (Unti Uz, Ai/k).
We fix some small 6 > 0 (the actual choice will become evident in a moment).
Using Proposition B3] and Lemma B we see that for large n, say n > ng, the

following are satisfied:

lan| >1/2 and D, N{0,¢(0)} =0,
N(ay)
10g|an| 2 ||O.0’|| - 6’
N(z)

<|loall +8 on Di,.

—log|z|

We also require the following fact about pseudo-hyperbolic discs: for every s € ]0,1]
there are positive constants v, and ~. such that

(6.1) Ys(I—la]) €1 —|z| <~+4(1 —la|) for z € D(a,s).
(In fact, 5 = 1/7; = (1 = 5)/(1 + s) will do.)
Now consider the function u(z) = =N (z) — (||oa|| +9) log|z|. It is superharmonic

in D\ {0,¢(0)} with Au = —AN = —2mpu there, u being the distribution of
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the boundary values of ¢ (cf. Section B)). In addition, it follows from the above
inequalities that if n > ng, then u is positive on D), with

u(a’n) < _2510g|an| < 46(1 - |a"ﬂ|)7
and, for z € A,
u(z) > —(e+9)loglz| > (e + )y (1 — |an|).
Hence an application of Lemma yields
D! D!
Clc) < p(D) p(D%)

= (e ol —fan)) —c- 461 —faa)) ~ " T=Tanl’
where ¢; > 0 is independent of n. Note here that the number § must be sufficiently
small in order that the denominator be positive.
We will complete the proof by showing that

[e.¢]
wDy)
6.2 D)

We argue by contradiction. Observe that due to the density condition satisfied by
the points a,, and inequalities (EI]) there exists a positive integer j such that any
two discs D;, and D, ,; are disjoint if I > j. Therefore, if (6.2) fails, it is possible
to extract indices ny < ng < --- (of the form ni11 = ng + j) for which the discs

Dy, are disjoint and satisfy

i w(Dr,)
—F= =00
k=1 1- |a’nk|

Let py, be the restriction of p to D;, . By LemmalG.3 we have
G ,(z)>1—|ank|2 1-R

liminf Hi .
ey —loglz| T |a — an,|? 1+R'u( e

).
Since the points a,, all lie in the non-tangential approach region I', we have the

inequality ca|la — an, | < (1 — |an,|) for some constant ¢y > 0, and consequently

1-— D!
lim inf Giu (2) > c% R p(Dny) .
I TRl Z 2T RT Jan,]

Summing over k and noting that G, > >~ Gy, we get that G, (z)/(—log|z|) —
o0 as z — a. This is however impossible since N(z) = —G,,(z) —log|¢.(0)| is always
non-negative. Therefore ([E.2) holds and the proof is complete. O

7. COMPLETION OF THE PROOF

In this section we finish the proof of Theorem [Tl by showing that the assertion
about the convergence of measures M, to o, in the weak* sense reduces to estab-
lishing the convergence of the total mass || M| to ||o|, which was carried out in
the preceding section. Indeed, the theorem follows immediately on combining the
following proposition with Proposition [G.1l

Proposition 7.1. Let a € 9D and assume that (w,,) is a sequence in D converging

N(wy)

to « such that — |loall. Then My, — 04 weak®.
— log|wn|
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The proof of this proposition consists of a simple change of variables trick uti-
lizing the disc automorphisms v, (z) = (a — z)/(1 — az) for a € D. Note that
/ _ |a|2 -1
Val2) = T

In the next lemma, we let 7, , denote the Aleksandrov measure of the composi-
tion ¢ o 1, at the point o € 0D and o4 4 is its singular part.

Lemma 7.2. The measures T, satisfy

1—ac|?
droa(C) = %d(m 0 %a)(0),
where T 01, 1s the pull-back of T, under Vg, i.e. (7o, 01a)(E) = 70 (Vo (E)) for all
Borel sets E C OD. The corresponding result holds for the singular parts o4 as

well, and therefore
foaall= [ Ao doa(o
Oa,all = T =9 A0« .
op |1 —agl?

Proof. Fix a point ¢ € 9D for the moment. Then we have the identity

1_|wa('z)|2 _ 1_|Z|2 W}/ (C)|

1€ =%a(2)]® [alQ) — 22 777
as can be verified by direct computation or using fact (e) of Section [2 and noting
that 1, assumes the boundary limit ¢ precisely at the point & = 1,(¢), where
P! (&) = (¢)!. Integrating with respect to 7, the Aleksandrov measure of ¢ at
the point «a, we obtain

1— o) _ / 14

Q4 0

|O‘ - ¢(wa(2))|2 oD |wa(<) -
1
- [+ L@ (e 0 ) (0)
oD |C Z|

The desired identity for 7, , follows immediately. The last statements are obtained
by identifying the singular parts here (since v, is absolutely continuous on the
circle) and performing a change of variables in integration. O

We will next derive a similar result for the Nevanlinna counting measures. To
this end, it is useful to introduce the following modifications of them:

(7.1) M. — Z 1_7|Z|25
' v 1—|w2™™
ze€p~Hw}

These measures are asymptotically equivalent to the ordinary Nevanlinna counting
measures in the sense that || M, — M, || — 0 as |w| — 1—. Indeed,

~ logla|  1- |22
M, — M,|| = _
1Mo =Mall = 3 | Sggia] ~ TP
z€p~H{w}
N(w) ~loglu| 1—|zP

sup |1

= —loglw| .ep-ifw)

)

C1— w2 —loglz|

where the quotient N(w)/(—log|w|) stays bounded (by Littlewood’s inequality)
and the supremum tends to zero (because, by the Schwarz lemma, the moduli of
the pre-images of w tend to 1 uniformly) as |w| — 1—.
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By analogy with the notation used in Lemma [[.2] let Mw@ denote the modified
counting measures (7.1)) defined in terms of ¢ o 9, instead of ¢.

Lemma 7.3. The measures Mw o Satisfy

a2
”MwaH_/ = | | (Z)

a2|2

Proof. By the self-inverse property of ¢, and equation (&.1),

v 1 — [tha(2)? 1—|af® 1-1z
M = _ = . .
1Moo Z 1 —|w|? Z [1—az]2 1-|w]?
z€¢~{w} z€¢~{w}
Comparing this with the definition of Mw, we get what we want. O

After these preliminaries we can prove Proposition [Z1] (and, as noted before,
finish the proof of Theorem [LT).

Proof of Proposition [7.1. Let (wy) be a sequence as in the assumption. If a € D is
given, we may apply Lemma [5.1] to the function ¢ o 1, with the result that

Nyo
lim sup Lveee (W)

oo _10g|wn| — Ho—a,a”~

According to Lemmas and [Z3] plus the asymptotic equivalence of M and M ,

this yields
- 1—a]* / 1—laf
hmsup/ dMy, (z) < ———do.(C).
o e M) = o e 47

Now let p be any weak™ limit point of the sequence (M, ). Then the support of
1 is contained in D, and the inequality above implies that the Poisson integral of
1 is majorized by that of o, at every point a € D. Therefore the difference o, — 1
is a positive measure supported on dD. By assumption, however, ||oo| = |lull,
and consequently o, = pu. Thus o, is the only possible weak* limit point of the
sequence (M, ). By weak* compactness we conclude that M,, — o, in the weak*
sense. U

OPTIMALITY AND OTHER RESULTS
8. SHARPNESS OF THEOREM [_1]

In this section we demonstrate that the capacity condition stated in Theorem 1]
is optimal. Recall for this purpose that for a set E C I'(1, p) to be of finite Green
capacity, it is necessary and sufficient that the capacity of E N B(1,r) decays to
zero as 7 — 0+4. (The verification of this is an exercise in using the asymptotic
additivity property of Green capacity discussed at the end of Section Hl) The
following proposition shows that it is not possible to give an upper bound for the
corresponding rate of decay for the exceptional set in Theorem [LT]

Proposition 8.1. Let T' =T'(1, p) be an arbitrary non-tangential approach region
at the point 1, and let (t,) and (ry,) be two sequences of positive reals decreasing
strictly to zero. There exists a holomorphic function ¢ : D — D such that

(1) o1, the singular part of the Aleksandrov measure of ¢ at the point 1, is
non-vanishing;
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(2) for large n we have C({w € TNB(1,ry,) : My, = 0}) > t,,, where M, is the
Nevanlinna counting measure of ¢ at w.

Our construction makes use of the following setup. We let Q be the region
obtained from the unit disc by removing a sequence of closed pseudo-hyperbolic
discs D,, = E(an,sn) where 0 < s, < % < a, < 1 for each n > 1. We will also
make the sequence (a,,) increase to 1 so rapidly that the discs D,, are disjoint.
We then let ¢ be an analytic covering map from D onto © such that ¢(0) = 0.
Now M,, = 0 for all w in the set Uzozl D,,, and our task is to specify additional
conditions on the centres a, and radii s, in such a way that the conclusions of the
above proposition hold.

Since ¢ is bounded and holomorphic, it has non-tangential limits ¢*({) almost
everywhere on 0D, and a well-known property of covering maps is that these all lie
in 0. We will now acquire some information on the distribution of these boundary
values. The proof of the following lemma is found in [E), Prop. 5.2.5].

Lemma 8.2. Let QO C D be a region and ¢ : D — Q an analytic covering map. If
A CDNON is a Borel set of Green capacity zero, then the set of all points ¢ € 0D
with ¢*({) € A has Lebesgue measure zero.

Lemma 8.3. Let Q@ C D be a region containing the origin and ¢ : D — Q an
analytic covering map with ¢(0) = 0. If K C DNIQN is compact and S = {¢ € 9D :
¢*(¢) € K}, then

m(S) < G 0) = ~ [ oglz|dpa(o).
where g is the capacitary distribution of K.

Proof. Consider the function u(z) = G, (¢(2)). It is harmonic in the unit disc
with values between zero and one. Furthermore, since G, (z) =1 for q.e. z € K,
it follows from the lower semicontinuity of G, and the preceding lemma that the
boundary limits u*(¢) are equal to 1 for a.e. { € S. Hence

m(s) < /8 (€ dm(C) = u(0) = G 0).
[l

We now return to the setup described before the lemmas. Our first goal is to
seek conditions under which (1) holds true for the covering map ¢. By fact (c) of
Section 2] we have

¢*
where S,, C 9D consists of those ¢ for which ¢*({) € D,. To estimate this, we
deduce from (6.1)) that for ¢ € S,
_ * 2
QP2 2
L= (O ~ 1=[¢*(O) = v(1 —an)
where v > 0 is a constant. In addition, by Lemma and equation (&) we have

m(Sn) < cn(—logan) < 2¢n(1 — an),
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where ¢, is the Green capacity of D,. These inequalities then combine to give

ol 21— 23 M) 5y _den

7n=11_an 'yn=1

Thus, for condition (1) to hold, it is sufficient to have Y7 | ¢, < v/4.

Let us next consider condition (2). Recall from Section[4 that the Green capacity
of the disc D,, depends on its pseudo-hyperbolic radius through the formula ¢, =
(—logs,)~!. By discarding a finite number of members from the sequences (,,) and
(7,,), we may assume that the differences d,, = t,, — t, 41 are all less than (log?2)~?
and that their sum is less than /4. Then we can fix the radii 0 < s,, < % so that
¢n > d, for each n and 23;1 ¢n < /4. Now we proceed to choose the centres
% < aj < a < --- <1 such that the discs D,, = D(an, 5,) satisfy D,, C B(1,r,).
Moreover, we may arrange the sequence (a,,) to increase to 1 so rapidly that for each
given m, the pseudo-hyperbolic distances between the discs Dy, Dyt1, Dimt2, - -
are large enough in order that

(8.1) C< G Dn> > i dp, = tm.

More precisely, we first fix a; and then choose (ay)n>2 to increase to 1 so rapidly
that the “asymptotic” additivity property of the Green capacity (cf. Section H)
forces (B) to be true for m = 1. At the next step we hold a; and as fixed and, if
needed, move (an)n>3 in order to get (81)) for m = 2. It is clear how to continue
the inductive procedure, whence we obtain (8.1]) for all m. Since s,, — 0, it is easily
seen that D,, C T for large n, and conclusions (1) and (2) of Proposition [B] hold.

9. PROOF OF THEOREM

The proof of Theorem [T.2 turns out to be considerably simpler than that of
Theorem [[1]. Instead of Proposition [6.1] we will now exploit the following lemma.

Lemma 9.1. For every measurable set E C 0D,

lim Mdm(a)z/EHUaHdm(a).

r—1— Jp —logr
Proof. First of all note that since N differs from N in a polar set only and such
sets always have Hausdorff dimension zero, the integral on the left is unchanged if
N is replaced by N. Now it follows from Lemma [5.]] and Fatou’s lemma that

N

tmsup | 2 gna) < / 0wl dmi(a)

r—1— Jg —logr E
(recall that N(ra) = O(—logr) by Littlewood’s inequality). Since the same result
holds for integrals over the complement of E, we see that in order to prove the
lemma it is enough to treat the special case E = JD.

Write A, = {¢ €D : |¢*(C)] <r}forO<r <land B={(€dD:|¢*(()| =1}

Since, by fact (c) of Section 2]

_M_ % m(a
||Ja|| - |Oé _ ¢(0)|2 /(’)]D) |Oé - ¢*(C)|2 ! ( )’
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an application of Fubini’s theorem shows that

/ loalldm(a) =1 —m(A41) = m(B).
D

Turning to the Nevanlinna counting function, we first deduce from (3:1]) that

N(ra) = —loglra — ¢(0)| + /8 loglra = 4(Q)| dm().

According to Fubini’s theorem and the formula [, log|ra — z|dm(a) = log(r V |z|)
it follows that for all » > |$(0)],

N(ra)dm(a) = —logr +m(A,)logr + / log|o™ (¢)| dm({).

oD A\A,

Consequently,

Nro) , [ gl
[ Thgrdmi@)=mp\ Ay~ [ EEE )

Asr — 1—, we have m(0D\ 4,) — m(B) while the integral on the right tends to zero
by the bounded convergence theorem. The desired result follows immediately. [J

The proof of Theorem [T.2] is now completed by an argument similar to the one
used to establish Proposition[7.]l Let a point a € D and a measurable set £ C D
be fixed for the moment. Then we may apply the above lemma to the function
¢ o1, with the result that

N,

tip [ Neora(r0) @) = [ ol dma
r—1—Jp —logr

where 04,4 is the singular part of the Aleksandrov measure of ¢ o ¢, at a. As in

the proof of Proposition [[Tit follows from Lemmas and [Z3] that

i [ttt [ ]

This proves Theorem [[L2 for test functions of the form g(a, z) = x () ﬁ la |‘ The
general result follows by approximation.

10. ANGULAR DERIVATIVES

This last section contains some additional remarks which are mostly known to
specialists.

As before, we let ¢ be a holomorphic self-map of the unit disc and we denote
by ¢*(¢) its non-tangential boundary limit at a point ¢ € 9D whenever the limit
exists. We say that ¢ has a finite angular derivative at ( if there exists a point
a € 0D such that the difference quotient (¢(z) — a)/(z — ¢) tends to a finite limit
as z tends to ¢ non-tangentially. This limit is then called the angular derivative of
¢ at ¢ and denoted by ¢'(¢). Clearly, in this case ¢*({) = a.

The main result about angular derivatives is the following classical theorem [Cl
Sec. 298, Theorem 2.1]:

Theorem 10.1 (Julia—Carathéodory). For ¢ € 9D, the following are equivalent:

(1) ¢ has a finite angular derivative at .
(2) ¢ has a non-tangential limit of modulus 1 at ¢, and ¢ has a finite non-
tangential limit at C.
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(3) The quantity d(¢) = liminf, (1 — |p(2)])/(1 — |z|) is finite.
Furthermore, in this case the non-tangential limit of ¢ at (, the angular derivative
#'(¢) and the number d(¢)¢* ()¢ all agree, and the limit inferior in (B) is a non-
tangential limit.

Note that by the Schwarz lemma the quantity d(¢) must always be positive. As
a consequence, the angular derivative is never zero.

The existence of a finite angular derivative at a point ¢ € 9D guarantees that
¢ is “non-tangentially conformal” at ( in the sense that it maps any curve in D
terminating at ¢ and making an angle 6 € |—7/2, 7/2[ with the radius to ¢ onto a
curve terminating at & = ¢*(¢) and making the same angle 6 with the corresponding
radius. The standard argument used to prove conformality of holomorphic functions
at points of non-vanishing derivative shows this. Moreover, one has the following
important corollary (see [SI]): whenever 0 < p < p’ < 1, there exists a radius
r € ]0,1[ such that the image of the non-tangential region I'(¢, p’) under ¢ contains
the set I'(a, p) \ B(0,r), which we will denote by T'.(a, p).

There is a simple connection between angular derivatives and Aleksandrov mea-
sures. The proof of the following can be found (somewhat implicitly) in [E] pp. 222—
225] and [G] pp. 43-45]. A different approach is given in [Sa2l VI-7].

Lemma 10.2. For a € 0D, the measure o, has an atom at a point ¢ € 0D if
and only if $*(¢) = « and ¢ has a finite angular derivative at ¢. In this case

16'(Of = 1/aa({C})-

Non-tangential conformality entails a considerable strengthening of Theorem [Tl
in the case when o, is discrete (i.e. consists of point masses only). The following
argument appears in [S1), 3.3].

Theorem 10.3. Suppose o € 0D and o, is discrete. Then
M, — o, weak” as w — «a non-tangentially.

Proof. By the hypothesis we have 0, = ), ard¢, where (() is a (finite or infinite)
sequence of distinct points in 9D and ar > 0 for each k. Moreover, the above
lemma implies that ¢ has a finite angular derivative at each (; and |¢'((x)| = 1/ay.
According to Proposition [ I]it is enough to show that

N
(10.1) %gl?ul — Z ay as w — a non-tangentially.
k

Let I'(c, p) be an arbitrary non-tangential approach region at « and choose a
number p’ with p < p’ < 1. Also fix any positive integer n, not greater than the
number of points (. Since ¢ is non-tangentially conformal at points (1, ..., {,, there
exists a radius 7 € ]0, 1[ such that (;_; #(I'(Ck, p’)) contains the set I' = I'; (v, p).
Thus, for each w € T" we can find points z;(w) € T'(¢x, p") (k=1,...,n) for which
d(zr(w)) = w. Then

N(w) = —logla(w)]

“loglo] = 2+~ logJu]

Asw — ain T, the Schwarz lemma guarantees that zj(w) — i in T'((x, p’). Hence,
by the Julia—Carathéodory theorem,

~logla(w)] _  1=ler(w) _ 1

li =
T loglul T—fw]  [¢(G)]

= Q.
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Since n and p were arbitrary, we conclude that

N
lim inf 7(111) > Z ak as w — « non-tangentially.
— log|w| -
The desired result (IO follows from this and Lemma B} O

Theorem [[LT] clearly implies that all the measures o, are discrete in the case
when ¢ is boundedly valent. In general, however, it seems quite difficult to char-
acterize those functions ¢ (or Aleksandrov measures) for which the exceptional set
of Theorem [[.1] disappears as above. In particular, there is no converse to The-
orem [10.9] in the sense that the presence of a continuous singularity in o, would
imply that lim N (wy,)/(—loglwy,|) < ||ow]| for some sequence (wy,) converging to «.
To demonstrate this we borrow an example from [BCP).

Example 10.4. Let C be the usual Cantor ternary set regarded as a subset of the
unit circle via the mapping 6 — e*. Supported on C there is a natural continuously
singular probability measure u. (Recall that C is the intersection of closed sets C,,,
each of which is made up of 2™ disjoint arcs of length 37". The measure p assigns
a mass 27" to each of these arcs.) Define a holomorphic self-map ¢ of D through
the Herglotz formula

1+¢(z) C(+ =z
(102) g o,
so that p becomes the Aleksandrov measure of ¢ at the point 1:
1— 2
(10.3) 1= 1ol _ P(z,¢) du(C).

1=9(2)]*  Jop

Obviously, ¢ is an inner function fixing the origin. Our goal is now to show that the
Frostman transforms of ¢ are all Blaschke products and hence N(w) = — log|w| for
all w € D. Then N(w)/(—loglw|) = ||u|| everywhere, even though g is continuous
and therefore ¢ has no finite angular derivative at any boundary point ¢ for which
*(C) = 1.

Let us first observe, by a trivial computation, that the symmetric derivative of
w (with respect to the Lebesgue measure) is infinite at all points of C. Thus the
Poisson integral of p has infinity as its non-tangential limit everywhere on C. By
(I03) this yields ¢*(¢) = 1 for all ¢ € C. On the other hand, it is easily seen from
(I02) that ¢ extends holomorphically across the open set 9D\ C, necessarily being
unimodular there. Hence ¢ has unimodular boundary values at all points of the
unit circle, and the same is consequently true of all the Frostman transforms ,, o ¢.
Because every singular inner function has non-tangential limit 0 at some point of
JdD, it follows that the Frostman transforms are Blaschke products.
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